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Decision-Making under Uncertainty

Deterministic optimization:
(minimize Jo(x, &) \

subjectto  f(x,5) <0 Vi=1,....m

Distributionally robust optimization:
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Robust optimization:
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Single-Stage Robust Optimization

Robust optimization:

(mini)rcnize [max Jolx, 5)] \
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Linear robust optimization:
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Single-Stage Robust Optimization

Linear robust optimization:

(minimize [max c(cf)Tx] \ a c(f) = Cé+c 4
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Linear robust optimization:

Single-Stage Robust Optimization
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Linear robust optimization:

Single-Stage Robust Optimization

(minimize [max c(cf)Tx]

% EEE

\subject to  a(&)'x < by(&)

o

VEEEVi=1.m

“Epigraph” trick:
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Single-Stage Robust Optimization

Semi-infinite constraint:
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Single-Stage Robust Optimization

Semi-infinite constraint:
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Single-Stage Robust Optimization

Semi-infinite constraint:

(ai(f )'x < by(&) Vé e E) s a(5) =Ac+a 4
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Semi-infinite constraint:
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Single-Stage Robust Optimization

Semi-infinite constraint:
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Single-Stage Robust Optimization

Semi-infinite constraint:

(ai(f )'x<b(&) Vée E) . a(s) = Ag+a 4
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Single-stage robust optimization:
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Single-stage robust optimization:

(minimize c'x + Iglax q(é) ' \
x e=

subject to V(&)x >v(§) VEE€=
reckX
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Single-stage robust optimization:

(min%}mize c'z + Iglea:x q(é) ' \ fmini%aize c'x+6 \
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Single-Stage vs. Multi-Stage Robust Optimization

Single-stage robust optimization:
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Single-Stage vs. Multi-Stage Robust Optimization

Two-stage robust optimization:
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Single-Stage vs. Multi-Stage Robust Optimization

Two-stage robust optimization:

(min c' T 4 + (max q(f)Tm\ + (min rTy 4

\j"t' CBEXJ Q.t. 665) \f’t' yEyJ

second-stage decision

/!\ (depends on uncertainty!)




Single-Stage vs. Multi-Stage Robust Optimization

Multi-stage robust optimization:
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Multi-stage robust optimization:

I N O

min qlTazl + SI?EELEXQ min gz T2

kS.t. L= /Yu G-t- T2 € XZJ
@2(52) r1 + Woxo > h2(€2D
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Multi-stage robust optimization:
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Single-Stage vs. Multi-Stage Robust Optimization

Multi-stage robust optimization:

i w T .
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Is Two-Stage Robust Optimization Difficult?
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Is Two-Stage Robust Optimization Difficult?

> convex in first-stage decisions

f Convexity of Two-Stagew

K \__Robust Optimization )

Two-stage robust optimization problems are
convex in the first-stage decisions « as long
as the feasible regions X and J are convex,

independent of the shape of the uncertainty

Qet =, Y,




Is Two-Stage Robust Optimization Difficult?

Feasible region for fixed € X':

c'z+qé)'x+ry+

I[[T(&)x+ Wy > h(§)]




Is Two-Stage Robust Optimization Difficult?

—> convex in uncertainty

fCompIexity of Two-Stage
f | Robust Optimization

If the constraints are subject to uncertainty,
two-stage robust optimization problems are
strongly NP-hard even if all involved sets are
polyhedral.

(Two-stage robust optimization problems
with uncertainty in the objective function
only reduce to single-stage robust

@timiza’cion problems.) /
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Decision Rules

Consider again the two-stage robust optimization problem:




Decision Rules

Move second-stage decisions to first stage via decision rules:

min

Ls.t.

CTCIJ

reX

v #
~

g

_|_




Decision Rules

The two-stage problem then turns into a single-stage problem:

cTa: |

min
S.t.
\4

xr e X
Y=

Yy

V¢ O

+ ([ max q<s>Tm+rTy<e>J

s.t. LG

«Q Qo | TEz+Wy(&) = h(E)




Decision Rules

The two-stage problem then turns into a single-stage problem:

N SN

. B

[ midl + Cﬂax q(&) 'z +7°Ty(€)\
st. xe X S.t. A=
«Q Q0. (T(f) x+ Wy() > h(fD
@iriiyrgize c't + I?GaEX q(é)Tw%—rTy(f)\

subject to T(§)x+ Wy(&) > h(E) VEe=

\ reX, y:=2—Y J




Decision Rules

The two-stage problem then turns into a single-stage problem:

S N SN

CTQZ

Kmin +
S.t. xr e X
v y::'—>yJ
wQ Q Q/

S

max  q(€) z+r y(E) )

| g |
e

Glinimize il
T,y Ee=

subject to T(&)x + Wy(&€) > h(€)
\ reX, y:=2—Y

c' r + max q(é)Tw%—rTy(f)\

S.t. = J
(T(€)m+Wy(€) = h(¢) )
VE € =2
_/

| Gninimize c'xz+0 \
@; single stage z,y,0
. subject to 0 > q(€) 'x +r ' y(&) VE e =
oo T(¢)w + Wy(&) > h(¢) VE ez
decisions AL = P

\_

rcX, (y:EHy)

_




Decision Rules: Affine Decision Rules

rminimize c'z+0 )
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Decision Rules: Affine Decision Rules

(minimize c'z+0 \

x,y,0
subject to 6 > q(&) "z +r " y(&) VE € =

T()x+Wy(§) > h() VEE€E

\ rekX, y:=2—) /

/minimize c'x+ 0 \

x,(Y,y),0
SubjeZt to 0>q(&)'z+r'[YE+ 1y s € 2
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Y+yle) V€ € E
red, (Y,y)




Decision Rules: Nonlinear Decision Rules

fminimize c'z+0 \

x,y,0
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Decision Rules: Nonlinear Decision Rules

(minimize c'z+0 \

x,y,0
subject to 6 > q(&) "z +r " y(&) VE € =

T()x+Wy(§) > h() VEE€E

\ reX, y:2E—)Y )
(4(9) = Vi [min{&, & — €] + 2 [max{e, & - €] +1)




Decision Rules: Nonlinear Decision Rules

(minimize c'z+0 \

x,y,0
subject to 6 > q(&) "z +r " y(&) VE € =

T()x+Wy(§) > h() VEE€E

\ rekX, y:=2—) J

(46 = i [min{e, &) — €] + s [max{e, & — €] +4)

P
~ — R
y(€) = Vi€ + Yath+y with € e ={¢=|MMET =8 oo
K L _maX{‘fa ‘S} I f_ /)




Decision Rules: Nonlinear Decision Rules

Gﬂnimize c'xz+0
x,y,0

subject to 6 > q(&) "'z +r " y(&) VE € 2
T(€)x + Wy(€) > h(¢) Véez
reX, y:2E—~)Y

/minimize c'xz10
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subject to 0 > q(&) 'z + 7' [YE + vy
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Decision Rules: Nonlinear Decision Rules

ﬁninimize c'x+6 \

x,(Y,y),0 §
subject to 0> q(&) @+ 7 (Y& +y] [ve e
TE)x+WIYE +y]>h() |V e
Y +yley Ve eF

\ xeX, (Y,y) J

y(&) =Yg+ +y with ¢ eZ =1¢ = mm{&%_% € &€ ¢




Decision Rules: Nonlinear Decision Rules

Gﬂnimize c'xz+0
x,y,0

subject to 6 > q(&) "'z +r " y(&) VE € 2
T(€)x + Wy(€) > h(¢) Véez
reX, y:2E—~)Y

/minimize c'xz L0
m)(Y7y)70

subject to 0 > q(&) 'z + 7' [YE + vy
>
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Decision Rules: Nonlinear Decision Rules

minimize ¢ x -+ 6
x,y,0

subject to 0 > q(&) "'z + " y(&) VE €
T(§)x+Wy(§) 2 h(§) V&<
rekX, y:=2—)

minimize e¢'x + 0
CB?(Y7y)79

subject to 0 > q(&) 'z + 7' [YE + ]

L TN o L WV E 4 g] > h(£)
use exact reformulations

or outer approximations
from global optimization )

minimize c¢' x -+ 60
w?(Y7y)79

subject to 8> q(&) Tz +r [YE + 4]
TE) e +WI[YE +y| > h(&) |VE € conv(Z)
Y& +y ey v’ € conv(=)

\ xeX, (Y,y) j




Decision Rules: lterative Liftings

Cninimize c'z+0 \

x,y,0
subject to 6 > q(&) "'z +r " y(&) VE € =

T)x+Wy(§) 2 h() VEEE

\ reX, y:=2—) J




Decision Rules: lterative Liftings

Glinimize c'z+0 )

x,y,0
subject to 6 > q(&) "'z +r " y(&) VE e =

T)z+Wy(&) > h(§) VEE€E

\ reX, y:=o—)Y /

Recall that a worst-case £* ¢ = will be an extreme point £* € ext =:

cle+q&)x+r'y+
I[T(E)x+ Wy > h(§)]




Decision Rules: lterative Liftings

Cninimize c'z+0 \

x,y,0
subject to 6 > q(&) "'z +r " y(&) VE € =

T(&) @+ Wy(£) > h(¢) VEe=
reX, y:=2—)

ﬂ minimize ¢ x + 0

z,(Y,y),0

subject to 0> q(€) Tz +rT[YE+y VEe= | EItractable
T()xz+W[YE+y] > h(E) VEEE |
Y&+ yle)y VE € B gpsuboptlmal

\ xeX, (Y,y) /




Decision Rules: lterative Liftings

Gﬂnimize c'xz+0
x,y,0

“ minimize ¢ x + 0

x,(Y,y),0
subje?ét to 0>q(&)'z+r'[YE+y e E =
T(€)x + W[YE+y] > h() VEez

subject to 6 > q(&) "'z +r " y(&) VE e =
TE)x+Wy(£) =h(§) VEEE

\ rekX, y:=2—) J

YE+yle) VE € B
\_ red, (Y,y)
; minimize ¢'x 4+ 6
x,y,0

subject to 0 > q(&) 'z +r " y(&)
TE)xz+Wy(§) = h(§) VE € ext(

\ reX, y:ext(Z)— Y }

~

@; tractable
%;5 suboptimal

@Q optimal
@3 intractable



Decision Rules: lterative Liftings

Gninimize c'z+0 \

x,y,0
subject to 6 > q(&) "'z +r " y(&) VE € =

T)x+Wy(§) 2 h() VEEE

\ rekX, y:=2—) J

Split up = into affine DR part = 4 and extreme point part =¢:

Kminimize c'z+0 \

x,y,0 -
subject to [0 > q(&) 'z + 7" ya(&) VE € =N

>T(€) x+Wya(&) > h(g) VEE€ EA<
0>q&) z+r ys(€)  VEE€Es

T(¢)z + Wys(€) > h(€) VEe =g

.

K reX, ys:os=>JV, ya:Za— )y
affine —  extreme point

decision rules formulation




Decision Rules: lterative Liftings

Kminimize c'z+0 \

x,y,0
subject to 0 > q(&)'x + 7" ya(€) VEeza

T()x+ Wya(§) =2 h(§) VEE€Ea

0>q&) z+r"ys(€)  VEEEs
TE)x+Wys(§) >h(§) VEe€Zs

[ |

K reX, ys:og=>JV, ya:Za— )y
affine —  extreme point

decision rules formulation

N
NI

[1]
]

[1]




Decision Rules: lterative Liftings

Kminimize c'z+0 \

x,y,0
subject to 0 > q(&)'x + 7" ya(€) VEeza

T()x+ Wya(§) =2 h(§) VEE€Ea

0>q&) z+r"ys(€)  VEEEs
TE)x+Wys(§) >h(§) VEe€Zs

reX, ys:og=>JV, ya:Za— )y

affine —  extreme point
decision rules formulation

\_




Decision Rules: lterative Liftings

fminimize c'x+ 6 \

x,y,0
subject to 0 > q(&)'x + 7" ya(€) VEeza

T()x+ Wya(§) =2 h(§) VEE€Ea

0>q&) z+r"ys(€)  VEEEs
TE)x+Wys(§) > h(§) VEE€Es

reX, ys:og=>JV, ya:Za— )y

affine :—I- extreme point
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Decision Rules: lterative Liftings

fminimize c'x+ 6 \

x,y,0
subject to 0 > q(&)'x + 7" ya(€) VEeza

T()x+ Wya(§) =2 h(§) VEE€Ea
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Lower Bounds: The Hadjiyiannis Scenario Relaxation

Recall the two-stage robust optimization problem:

R A
1

N

(min c' T + (max q(f)T:D + (min rTy 4
o

Ls.t. T & XJ Q’t'




Lower Bounds: The Hadjiyiannis Scenario Relaxation

Recall the two-stage robust optimization problem:

min

Ls.t. CUEX/

c'x

[1]>

s.t. &€

Replace = with a finite subset =!



'iLower Bounds: The Hadjiyiannis Scenario Relaxation

Recall the two-stage robust optimization problem:




.lLower Bounds: The Hadjiyiannis Scenario Relaxation

Recall the two-stage robust optimization problem:

—

b ) & ) 1O
s

rmm c'x + [ max q(f)Ta) + rmin r'y 4
\s.t. T € XJ S.t. € = y \s.t. Y € ;)/J
(T(€)@+ Wy > h(é)
(minimize ¢Tz + 6 )
x,y,0

subject to 0 > q(&)Tx + " y(€) VE € 2
3 £cE

\_




Lower Bounds: Dual Decision Rules

Recall the decision rule formulation of the two-stage RO problem:

CTCB

fminimize
T,y

subject to T(&)x + Wy(&) > h(£)
\ reX, y:=2—Y

\
VéE e =

_/

We can dualize this problem and obtain:

fmaximize

A

subject to




Lower Bounds: Dual Decision Rules

Recall the decision rule formulation of the two-stage RO problem:

CTCB

fminimize
T,y

subject to T(&)x + Wy(&) > h(£)
\ reX, y:=2—Y

\
VéE e =

_/

We can dualize this problem and obtain:

fmaximize

A

subject to

HOW?




Recall the decision rule formulation of the two-stage RO problem:

Lower Bounds: Dual Decision Rules

fminimize
T,y
subject to

\_

CTCB

T(E)x+Wy(§) = h(£)
rekX, y:=2—)

\
VéE e =

_/

We can dualize this problem and obtain:

fmaximize

A

subject to

primal decision
rule formulation




Lower Bounds: Dual Decision Rules

Recall the decision rule formulation of the two-stage RO problem:
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Recall the decision rule formulation of the two-stage RO problem:

fminimize c'x
T,y

subject to T(&)x + Wy(&) > h(£)
\ reX, y:=2—Y
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We can dualize this problem and obtain:
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The dual formulation raises two challenges:

ﬂ It has infinitely many constraints and variables.
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Lower Bounds: Dual Decision Rules

Recall the decision rule formulation of the two-stage RO problem:

fminimize c'x \

T,y

subject to T(&)x + Wy(&) > h(§) VEe€=

\ reX, y:=2—Y J

We can dualize this problem and obtain:

fmax;mize SZ h(é)TA(f) \
cext=
subject to Z T()' X&) =g
£€ext=
W A®) = vee=

The dual formulation raises two challenges:

Q:Iosed-form expressions for structured A and E)

@ It contains sums over exponentially many terms.




Lower Bounds: Dual Decision Rules

Numerical example: Estimating the makespan of a project

minimize T
x,Y,T

subject to >y (€) + do (€)
y;i (&) > vi(&) + di(§) V(i,j) € E VE €&
vi (&) = x; Vi € Vj

TER_|_, CC@ER+,iEV(), yE%RQL_

Example project:

&2 &3 §s &6 {s &9
(2) (5) (9) (12 (16) (19
&1 0 0 4 0 0 &7 0 0
o W B W b
(3) (&) (10 13 17 20

1 =& 1 =& 1 =& 1 =& 1 =& 1 =&



Lower Bounds: Dual Decision Rules

Comparison: Scenario relaxation vs dual affine decision rules

o
=
S
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g e e e AR dual DRs B
,' Z Z Z Z | = = gcenario relaxation
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Iteration
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Benders’ Decomposition

Recall the two-stage robust optimization problem:
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We can represent it as a single-stage optimization problem:
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Benders’ Decomposition

Recall the two-stage robust optimization problem:
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(T + Wy =h())
Q(x; €)

We can represent it as a single-stage optimization problem:
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Benders’ Decomposition

Recall the two-stage robust optimization problem:

]

A ¢ Vo
b '
c'® Tz

+ min rTy
G.t. yecy

(T(E)z+Wy>h())

min -+ max

ks.t. €T C XJ S.t.

Standard arguments show that Q(x)is piecewise affine and convex:

rmimimize c'x+ Q(w)j
LSubject to re k& p
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Recall the two-stage robust optimization problem:
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Benders’ decomposition: optimize over & refine lower bounds Q(x):

minimize ¢’z + Q(x)
T

subject to x € X
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How can we construct the lower bounds?
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Benders’ Decomposition

How can we construct the lower bounds?

rmaxiﬁmize min{r'y : T(&)x* + Wy > h(f)}1

Lsubject to &€= -

[ mexinize [a(€)-T@©aTA

° ’ e Subj,ect to W'A<r, £€E e
H/_/

optimal value supports Q(x) at x = =*: thanks to strong duality

[h(&°) —T(&7) m]T A" bounds Q(x) from below: since (£, A7) is

feasible but suboptimal at other values of x

bilinear problem: solution via global optimization solvers,

MILP reformulations (via KKT conditions
or for structured uncertainty sets =)



Benders’ Decomposition

How can we construct the lower bounds?

rmauxigmize min{r'y : T(&)x* + Wy > h(S)}j
Lsubject to &€= i

~

[ maximize [R(£) — T(&)z*]" A

& y £,

Lsubject to W'A<r, £€5 >
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How do we incorporate these lower bounds?
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Benders’ Decomposition

How can we construct the lower bounds?

rmaxismize min{r'y : T(&)x* + Wy > h(ﬁ)}j

Lsubject to &€= -

[ mexinize [a(€)-T@©aTA

° ’ Lsubj,ect to W'A<r, £€E >
H/_/

What if some first-stage decisions x* are infeasible in the second stage?

first solve the feasibility problem

rma}c];émize min{e'v : T(é)x* + Wy +v > h(f)}j
y,v
Lsubject to &€= -

(always feasible by construction)



Benders’ Decomposition

How can we construct the lower bounds?

rmaxismize min{r'y : T(&)x* + Wy > h(S)}j

Lsubject to &€= i

[ mexinize [a(€)-T@©aTA

° ’ Lsubj,ect to W'A<r, £€E >
e —

What if some first-stage decisions x* are infeasible in the second stage?

first solve the feasibility problem (...)

we iteratively generate:

¥ feasibility cuts (approximating the first-stage feasible region)
¥ optimality cuts (approximating Q(x))
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Recall the two-stage robust optimization problem:
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Column-and-Constraint Generation

Recall the two-stage robust optimization problem:
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Bound 9O(x) from below through a finite scenario relaxation:
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Recall the two-stage robust optimization problem:
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Column-and-Constraint Generation

How can we construct the lower bounds?

rmaxiémize min{rTy T+ Wy > h(f)}1
Lsubject to £e€X= -

hard problem: solution via global optimization solvers,
MILP reformulations (via KKT conditions
or for structured uncertainty sets =)

x — min{r'y : T(£")x+ Wy > h(£)) supports Q(x) at « = z*

z — min{r 'y : T(¢*)z + Wy > h(¢*)} bounds Q(z) from
below: since ¢*is a feasible, but—when x # x*—typically
suboptimal choice for the adversary



Column-and-Constraint Generation

How can we construct the lower bounds?

rmaxiémize min{rTy . TE)x"+Wy > h(é)}j
Lsubject to £e€X= -

H/_/

How do we incorporate these lower bounds?

rminimize c'z+0 2
z,Y,0 - o | " similarto the )
subject to 6 > q x + 7 y(§') Viel Hadjiyiannis

T )x + Wy(fz) = h(gi) viel \.scenario relaxation!
e reX, y&)el),iel P
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Static Partitioning

Recall the decision rule formulation of the two-stage RO problem:

cninimize c' \

T,y

subject to T(§)x+ Wy(&) > h(§) VE €=
redX, y:=2—)

L

(minimize ¢ )
iB,{yz }z

subject to T(&)x + Wy'(€) > h(é (Vf cE' Vic I)
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Ilterative Partitioning

Imagine a two-stage RO problem with the uncertainty set:

a =1 e
=5
()
® O O
@ _ —
=) ® 2
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(" @ = scenarios that are bindin@ active

for at least one of the (or critical) \!
\_constraints in the problem | scenarios
/
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since a single realization
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Improve on this subset!
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since multiple realizations
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Ilterative Partitioning

Why is that?

we cannot improve on this subset!

since a single realization is binding, ]

% Assume that for fixed (z*, y*), the constraint set
(1O + Wy (©) 2 he) ¥EeE: )

is only binding at the uncertainty realization ¢* ¢ =,.

% Then convexity allows us to equivalently write the constraint set as

[ TE)e + Wy'(€) 2 h(e) )

% For constant/affine decision rules, this implies that
the decision must be optimall



Ilterative Partitioning

Why is that?

since multiple realizations are binding, we can
potentially improve through the right splits!

Example:
Fminimize T \
T,y
subject to x>y +y2 VE € [—1,1]
Y2 2 _€ \vlf = :_17 1
\ Ly, Y1, Y2 S R )

Y2 i Y1 =
binding binding




Ilterative Partitioning

Why is that?

potentially improve through the right splits!

since multiple realizations are binding, we can]

Example:
Cninimize X \
T,y
subject to x> yi +ys VEE[-1,0], z>vyi+ys VEE]0,1
y1 > & v € [-1,0], yi>¢ v € 0,1
\ xayiayé < R )

2 e
binding




Ilterative Partitioning

Imagine a two-stage RO problem with the uncertainty set:

|
|
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/ (Necessary Condition for Improvemenﬂr \
If a subset =, is split into =) and =" such that all active
(critical) realizations & € =; are contained in =’ (or =),

Qen the optimal value of the two-stage RO cannot imprO\y
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Iterative Partitioning: Splitting Heuristics

5\ : 'l
‘.é. - _ . separate the farthest
< @EURISTIC 1@ [two scenarios “mid-way”

s\ : 'l
‘_é_ > . > split subset as evenly as
~ @EURISTIC 2@ possible into two subsets]

Q\ : 'l
G—IEURISTIC 3@ minimize larger worst case
= over the two subsets




Ilterative Partitioning: Voronoi Partitioning

Imagine a two-stage RO problem with the uncertainty set:
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Ilterative Partitioning: Voronoi Partitioning

We can partition the uncertainty set into a Voronoi diagram:

) 1
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N

-

A Voronoi diagram is a partition of a plane into regions

Aa). close to each of a given set of seeds. For each seed there is
N | a corresponding region, called a Voronoi cell, consisting of

WIKIPEDIA all points of the plane closer to that seed than to any other.

The Free Encyclopedia
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WIKI?EDI A all points of the plane closer to that seed than to any other.
The Free Encyclopedia
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Ilterative Partitioning: Voronoi Partitioning

We can partition the uncertainty set into a Voronoi diagram:

— ()
et
—9

= 3 Georgy Feodosevich Voronoy

-

A Voronoi diagram is a partition of a plane into regions
close to each of a given set of seeds. For each seed there is
a corresponding region, called a Voronoi cell, consisting of
all points of the plane closer to that seed than to any other.

The Free Encyclopedia


https://en.wikipedia.org/wiki/Partition_of_a_set
https://en.wikipedia.org/wiki/Plane_(geometry)
https://en.wikipedia.org/wiki/Region_(mathematics)

Ilterative Partitioning: Voronoi Partitioning

Definition of

Voronoi uncertainty sets:

<

£ —§;

{eez: ||e-&

Vj;éi}) ,
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Iterative Partitioning: Comparison

CSpIitting Heuristics)

(2
.@' Convenience ' '&
need to specify splits determined
splits manually by Voronoi
@ @
‘@‘ Tractability ' )(

new scenarios only new scenarios
have local impact have global impact
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Fourier-Motzkin Elimination

Recall the decision rule formulation of the two-stage RO problem:

fminimize

¢ P

m7y
subject to T(§)x+ Wy(&) > h(§) VE €=
\ reX, y:=2—Y J
. Jean-Baptiste Joseph Fourier 2
Ecole Normale Supérieure, Ecole Polytechnique
- (1768-1830) >
a Theodore Motzkin 2
University of Basel, UCLA
\_ (1908-1970) )




Fourier-Motzkin Elimination

Recall the decision rule formulation of the two-stage RO problem:

Glinimize c'x \

T,y

subject to T(&)x + Wy(&) > h(§) VEe€=

k reX, y:=2—Y J

Pick a second-stage decision y; (£) and rewrite the constraints as:

K Yyr(€) = V[ik - [hi(€) —Ti(€) "' — W " Ty_1(€)] VEEE, Vi: Wy >m

(T &) T2+ W, Ty (&) — hi(€)] VEEE, Vi: Wiy <0

@ T,(&) ¢+ W, *Ty_1(&) > hi(§) VEEE, Vi: Wi = y

@Vi_k 1 i-th row of recourse matrix w/o k-th columrD




Fourier-Motzkin Elimination

Recall the decision rule formulation of the two-stage RO problem:

( minimize i )
T,y
subject to T(&)x + Wy(&) > h(§) VEe€=
\ rekx, y:=2—) J

Pick a second-stage decision y; (£) and rewrite the constraints as:

K yr(&) > Mik - Thi(&) =T (&) 'x — W, Ty_,(&)] VEEE, Vi: Wy >m

@O v (&) < |W1m| (T (&) "+ W, Ty_ k(&) — hi(§)] VEEE, Vi: Wi <0
@ Ti(&) Tz + W, " Ty_(€) > hi(€) VEEE, Vi: Wi = y

Eliminate y;(¢) by bounding all combinations of @) and @):

- ) <)o - W Tt VE €T, Vit Wi > 0

< g (T T+ W Ty () — hy(€)] Vj: Wik <0
J
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approximations, such as linear decision rules
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Fourier-Motzkin Elimination

method can be combined with other
approximations, such as linear decision rules

various practical improvements available, /\/ |

such as dropping of redundant constraints

10 yearst

worst-case complexity is high: O(M?2")
If we eliminate N second-stage decision
variables from M constraints
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f {Time Consistency (Informal Definition)}

At no point in future does the decision maker prefer to deviate from
any of the decisions suggested by the robust optimization model
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RO problems suffer from two types of time inconsistency:

o Suboptimal decisions in non-worst-case scenarios &€ € =:
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( - - . L)
ime Consistency (Informal Definition
/ L y( ) I

At no point in future does the decision maker prefer to deviate from
any of the decisions suggested by the robust optimization model
K that is solved today.

RO problems suffer from two types of time inconsistency:

o Suboptimal decisions in non-worst-case scenarios &€ € =:

@ =) \




Time (In-)Consistency

/ ]f Time Consistency (Informal Definitionﬂ

At no point in future does the decision maker prefer to deviate from
any of the decisions suggested by the robust optimization model
that is solved today.

RO problems suffer from two types of time inconsistency:

o Suboptimal decisions in non-worst-case scenarios &€ € =:
y=0 C=D (D
=00 )
=0 => DD DD
- =000 )

Ga) worst-case optimal strategy:) always choose y =1

).
®
- 4
L&é j
-/

£=1
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that is solved today.

RO problems suffer from two types of time inconsistency:

(@) . | always choose y = 1



Time (In-)Consistency

/ CTime Consistency (Informal Definitionﬁr

At no point in future does the decision maker prefer to deviate from
any of the decisions suggested by the robust optimization model
\ that is solved today.

RO problems suffer from two types of time inconsistency:

o Suboptimal decisions in non-worst-case scenarios & € =.
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/ CTime Consistency (Informal Definitionﬁr

At no point in future does the decision maker prefer to deviate from
any of the decisions suggested by the robust optimization model
\ that is solved today.

RO problems suffer from two types of time inconsistency:

o Suboptimal decisions in non-worst-case scenarios & € =.

9 Uncertainty set = is updated as time progresses:

'




Time (In-)Consistency

/ (Time Consistency (Informal Definitionﬂ

At no point in future does the decision maker prefer to deviate from
any of the decisions suggested by the robust optimization model
that is solved today.

RO problems suffer from two types of time inconsistency:

N

— 95 + &3 =
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Recall the two-stage robust optimization problem:




Decision Rules

Recall the two-stage robust optimization problem:

Move second-stage decisions to first stage via decision rules:

fminimize c'x + 0
x,y,0

subject to 0 > q(&) "'z +r " y(&) VE €
T(€)x + Wy(€) > h(¢) Vées

\ rcX,(y:E~)) )

1 [1] )




Decision Rules

We can do the same in multi-stage robust optimization:

i | R X SO A O,
n

Tl

o + [ max | min g x| +
Atk le Iy & XQ j
2

(Ta(&%) w1 + Waaa > ha(€7) )

: T 170
R

in g3'®3 | ¢ Em%x 1) min qr ' T7
T<Z=T
LS XSJ A gt (— XT

G €3 2132 —+ W3£U3 > h3 €3)j KTT(f rr_1 + WTCL‘T > hT )J




Decision Rules

We can do the same in multi-stage robust optimization:

I O

(min qlel + [ max (min q> T2 +

PI=C
G.t.

leXU

Ls, I (CBT & XT)J
QTT(fT) xr_1+ Wrxp > hT(fTD




Decision Rules

We can do the same in multi-stage robust optimization:

Qinimize c' 'z, + 6 \

{x+}+,0 d
subject to 0 > Z q, x: (&) VEe=
=2
Ty (&) @i 1(87 ) + Wi (€) > hy(€') VE €E,
Vt=2,...,T

\ r1€X], T 2> X, t=2,...,t J




Decision Rules

We can do the same in multi-stage robust optimization:

Ginimize

{&375}75,9

c' 'z + 0

T
subject to 6 > Zq?mt(ﬁt)

t=2

T, (&) @1 (7)) + Wiy (€') > hy(€") VE€E,

w]_EXl, thEHXt,tZQ,...,t

~

VE € =2

Vt=2 ... T
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Iterative Partitioning: Splitting Heuristics

Different splits imply different non-anticipativity constraints:

B 4//\

&4
We can distinguish between =; and =, upon observing &»

We have observed & by time period t = 2
The first-stage decisions need to be the same across =; and =,
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Iterative Partitioning: Splitting Heuristics

Different splits imply different non-anticipativity constraints:

&2

i

[1]

&3

&4
We can distinguish between =, and =, upon observing &s

We have observed &3 by time period t = 3

@D The stage-1+2 decisions need to be the same across =; and =,
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Different splits imply different non-anticipativity constraints:
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Iterative Partitioning: Splitting Heuristics

Different splits imply different non-anticipativity constraints:

I

=
i

—2

[1]

&3

&4
We can distinguish between =; and =, upon observing &4
We have observed &4 by time period t = 4

@D The stage-1/2/3 decisions need to be the same across =; and =5



Ilterative Partitioning: Voronoi Partitioning

Recall the Voronol partitioning of uncertainty sets:

)
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Ilterative Partitioning: Voronoi Partitioning

Recall the Voronol partitioning of uncertainty sets:
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Every partition-pair (=;,=,) generates non-anticipativity constraints:
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Ilterative Partitioning: Voronoi Partitioning

Recall the Voronol partitioning of uncertainty sets:

[1]

® 1
= @

= —9

ol =8

® @ @

Every partition-pair (=;,=,) generates non-anticipativity constraints:

The stage-t decisions need to be the same
across =; and =, whenever the problem

maximize « + \
= =1 FEL [} fﬁ%é%a’ﬁ g

=, ={¢: Ge<g) [ | Swbiectto Feitaes<f, GE+fesg

» (€ &) = (€l )

Is feasible with strictly positive value.




Ilterative Partitioning: Voronoi Partitioning

Recall the of :
.
C Intuition ) S / &
4 -
The objective function tries to determine two o
~  realizations ¢ € int =; and &/ € int Z;: by S\

construction, they will thus be different

The second constraint ensures that £° and &’
k are indistinguishable at time t J

Every partition-pair (=;,=,) generates non-anticipativity constraints:

The stage-t decisions need to be the same
across =; and =, whenever the problem

maximize o + \

T . GE < SllbjeCt to ng—l—aeg f’ G&‘J _|_5e Sg

Is feasible with strictly positive value.
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Nested Benders’ Decomposition

Recall the multi-stage robust optimization problem:

T S O

. | o 1
min qi Lol + [ maxX || min gy T2 +
1

E2EE
@.t. TolE ng

&TQ(&Q) x1 + Waxs > ho (SZ)J

ks.t. xr1 € X




Nested Benders’ Decomposition

Recall the multi-stage robust optimization problem:

N

S (N O

(min qlTazl + [ SI;.’lEELEXQ /min q;mz ) +
ks.t. T € Xu fl | \8.13. T2 € X2J \

Th(&2) 1 + Woxe > ho(&2)
& )

N
ng e Xo(ax, & ))




Nested Benders’ Decomposition

Recall the multi-stage robust optimization problem:

()
@D

R . R 2 N ©
(min q. ' =i | -+ f SI;’IEELEXQ | /min qQT To ) + CQS(QD))
ks.t. xri € Xu f l | \8.13. L2 € X2J \

Th(&2) 1 + Woxe > ho(&2)
& )

N
ng e Xo(ax, & ))




Nested Benders’ Decomposition

Recall the multi-stage robust optimization problem:

‘p\’
(W)

T B ©

| min qlTazl + CI;’IEEL?Z ,min q;mz + &QS(QD))
ks.t. T € Xu fl | Gl.t. T2 € XD \

’ Th(&2) 1 + Woxe > ho(&2)
& )

\
sz < X2($1,€2))

@tage-wise rectangularityu = =51 X...X 2T




Nested Benders’ Decomposition

Algorithm: Refine lower bounds 9, on worst-case costs to-go
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Nested Benders’ Decomposition

Algorithm: Refine lower bounds 9, on worst-case costs to-go

® o Initialization. Set all lower
e
bounds to —oo.

Forward Pass. Find nodal
solutions z;" optimizing

. T
1111 d¢ Iy -+ Q (.’Bt)
x, EX (2t 1,E4) =i+l

forallt=1, ..., T.

L
(D

L/
()
=
)
L/
()



Nested Benders’ Decomposition

Algorithm: Refine lower bounds 9, on worst-case costs to-go

0 Initialization. Set all lower
bounds to —oc.

@ . % e Forward Pass. Find nodal

solutions =} optimizing

-
min d¢ Iy -+ 2 (mt)
x €Xy (28 1,€4) i+l

forallt=1, ..., T.

Backward Pass. Find nodal
solutions x"" optimizing

. T
11Mnin d¢ Iy -+ 2 (.’,Ut)
xy €Xy (2h1,€¢) i+l

forallt=T, ..., 1. Use dual
information to update 9, .




Nested Benders’ Decomposition

Algorithm: Refine lower bounds 9, on worst-case costs to-go

o Initialization. Set all lower
bounds to —oc.

- % e Forward Pass. Find nodal

solutions =} optimizing

[T OIK

1

—
min d¢ Iy -+ 2 (.’,Ut)
x EXy(2i1,E) t+l

O<§ forallt=1,...T.

Backward Pass. Find nodal
solutions x"" optimizing

@
3 E xEX (b 1,E)
A forallt=T, ..., 1. Use dual

information to update 9, .

WIN

Repeat until bounds don’t change.
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Nested Benders’ Decomposition: Cut Sharing

J:’/ - ( The worst-case costs to-go )

L LLLLLLLLIN ‘ @ Qt Only depend on xr;_q, not
O

§ on the parameter trajectory.
O
) @ ' '
O
The cuts In each time stage
can be shared across all

nodes in that stage!

\. J

s o 1)

S I EEEEEEEEmE S EEEEEE R EEEEEEETHmE 2 2 EEREERERERER R
Sam = A EEEEEESHR - m A EEEEEEHm ¢ B | .



Nested Benders’ Decomposition: Cut Sharing

J:’/ - ( The worst-case costs to-go )

D @ 0 Q,only depend on x;_, not
o

§ on the parameter trajectory.
O
) @ ' '
O
The cuts In each time stage
can be shared across all

nodes in that stage!

\. J

@; lower memory requirements

O<§ @; faster convergence

@ still need to solve all nodal
@ problems

S I EEEEEEEEmE S EEEEEE R EEEEEEETHmE 2 2 EEREERERERER R
Sam = A I EEEEEm - m A EEEEEEHm ¢ B | .



Nested Benders’ Decomposition: Cut Sharing

The

Problem: Every iteration requires
solution of LPs at all nodes!

1 on a;_1, Not

-

Toy Example: time stage
T =10 and |extZs| =...=|ext Zp| = 10: pcross all
stage! i
1,222,222,220 LPs need to be
solved in every iteration!

\ ﬁ——?@ ..@‘*.

< < @3 faster cd i
\ |
— @j still need to
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Robust Dual Dynamic Programming

Algorithm: Refine lower bounds &, and upper bounds [0}

ey
LoD
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A3

(OVEGN)
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Robust Dual Dynamic Programming

Algorithm: Refine lower bounds &, and upper bounds [0}

; ; j: j: o Initialization. Set all bounds

to +[~

»
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Robust Dual Dynamic Programming

Algorithm: Refine lower bounds &, and upper bounds [0}

t Z M }t: ]K// olnltlallzatlon Set all bounds

to +[~

»
ll

\
| H E/E = [ HE\E N B H E/E|= L L
0 0l0]J00l0]0/00]00/0)0 0l0]0/00]0 00
EEEEEEEEEEEEEEEEEEEEEEEEEEEEEETE



Robust Dual Dynamic Programming

Algorithm: Refine lower bounds Q, and upper bounds 9;

t Z M }t: ]K// 0In|t|allzat|on Set all bounds
. S '-

to +[~

9 Forward Pass. Find worst-

; : 0O % 2 . case scenarios &;" optimizing

- - . - e —l_ )
fw / I e max min q: T+ Qri1(xy)
: . - ) » €5 ey (xtV &)

and decisions =" optimizing

min q:'x+ Q ()
@ €Xy (2 1,E7" =i+l

forallt=1, ..., T for one pa-
rameter trajectory in the tree.




Robust Dual Dynamic Programming

Algorithm: Refine lower bounds Q, and upper bounds 9;

W M j,dt]‘—\/ €) 'nitialization. Set all bounds
to +/cc.

B @% 5

Forward Pass. (...)

Backward Pass. Find worst-
case scenarios £;Voptimizing

. T Fa)
max min q: T+ + Qt—l—l(mt)
£:€5: mpeX (x| &)

and decisions x" optimizing

: T
min q: x:+ 9, ,(xs)
x4t €Xy (T 1,E7") =1l

along that trajectory. Use
first problem to update 9; and

second on to update 2,.




Robust Dual Dynamic Programming

Algorithm: Refine lower bounds Q, and upper bounds 9;

B E & V o Initialization. Set all bounds

to +[~

; ; e Forward Pass. (...)
f; f 5§ e Backward Pass. (...)

Repeat until first-stage solution
ziv satisfies

Q,(21") = Qa(x1");

this solution is guaranteed to be
optimal.
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Decision Rules: Constraint Sampling

Decision rule formulation of the two-stage RO problem with
mixed-integer recourse:

fminimize c'x \

m7y7z

subject to T(§)x+ Vy(§) + Wz(&) > h(§) VEcE=
reX, (y:=2—=YV,)(z:=2—7Z)

Ccontinuous] C discrete )




Decision Rules: Constraint Sampling

Decision rule formulation of the two-stage RO problem with
mixed-integer recourse:

(minimize c'x \

sugjj?é,czt to TE)x+Vy&)+Wz(E)>h() VEe=

> h
reX, y:.=o—), z:=2— 4

o Use affine decision rules for the recourse decisions:

( minimize c¢'x \

a:,(Y,y),(Z,z)
subject to  T(&)x+ V [YE + y] +
W [ZE+ 2] > h(€) VEeE=

\ reX, (Y,y), (Z,2) /




Decision Rules: Constraint Sampling

Decision rule formulation of the two-stage RO problem with
mixed-integer recourse:

(minimize c'x \

su’ta):jj?é,czt to TE)x+Vy&)+Wz(E)>h() VEe=

> h
k reX, y:.=o—), z:=2— 4 J

e Enforce integrality of integer decisions:

minimize c' x \
m,(Y,y),(Z,z)
subject to  T(&)x+ V [YE + y] +
W (Z[§]+ 2] >h(§) VEe€E

\ xeX, (Y,y), (Z,z) integer J




Decision Rules: Constraint Sampling

Decision rule formulation of the two-stage RO problem with
mixed-integer recourse:

(minimize c'x \

sugj?éit to TE)x+Vy&)+Wz(E)>h() VEe=

> h
k reX, y:.=o—), z:=2— 4 )

6 Conduct constraint sampling:

minimize c' x \
a:,(Y,y),(Z,z)
subject to T(§)x+V |[YE+ y|+
W (Z[€] + 2] > h(e) Ve e[E)
\ reX, (Y,y), (Z,z) integer l )

f‘&

[1]>




Decision Rules: Semi-Infinite Programming

Decision rule formulation of the two-stage RO problem with
mixed-integer recourse:

Cninimize c'x \

m7y7z

subject to T(§)x+ Vy(§) +Wz(&) > h(§) VEcE=
reX, (y:E= Y )Nz: 2= 7Z)

Ccontinuous) C discrete )




Decision Rules: Semi-Infinite Programming

Decision rule formulation of the two-stage RO problem with
mixed-integer recourse:

(minimize c'x \

m7y7z

subject to T(§)x+ Vy(§) +Wz(&) > h(§) VEcE=

k reX, y:=o—), z:=2— /4 J

o Restrict second-stage decisions to piecewise affine DRs:
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Decision rule formulation of the two-stage RO problem with
mixed-binary recourse:
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Decision Rules: Lifting Approach

Decision rule formulation of the two-stage RO problem with
mixed-binary recourse:
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Ilterative Partitioning

Main challenge with iterative and Voronoi partitioning:

" dots = scenarios that are '
— T binding for at least one of the

o - \_ constraints in the problem
O ® O .
® _ active
=4 ® =2 (or critical) \!
© scenarios
=3 '/

Can try to heuristically identify active scenarios:

£cE

G* c argmin {|T(§) ™ + Wy~ (§)], — hi(ﬁ)})
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K-Adaptability: Motivation

Recall the two-stage robust optimization problem:

'

min CT €%
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K-Adaptability: Motivation

Decide on alternative recourse decisions here-and-now...
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K-Adaptability: Approximation Quality and Solvability

Cminimize T+ maxnin 7yt 5 7O+ Wit 2 h(©)

lejectto reX, y*e) kek J

@bjective UncertaintD (Constraint UncertaintD

Approximation optimal whenever
Quality K > min{dim ), dim =}

can be suboptimal

forall K < |)|
exact reformulation exact reformulation
.@C Solvability ' as polynomial-size as MILP:
MILP

exponential in K

Solution as monolithic MILP

g

olynomial in rest
or via dedicated B&B schemes! PO
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What the Future?

Limited-memory decision rules and their optimality
(see, e.qg., Lu and Sturt, Operations Research, 2025)

Continuous-time models

Decision-dependence
€ Time of information discovery depends on
decisions only: e.g., oil drilling
€ Time of information discovery depends on
decisions and uncertainty: e.q. project scheduling

Multi-stage (mixed-)integer & combinatorial problems
(e.g., total unimodularity?)

Multi-stage distributionally robust optimization?
Extensive numerical comparison of different approaches



